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Problem 1

Draw rough sketches of the solution to the IBVP (3.6) for different values of time. Do your
sketches satisfy the BCs? What is the steady-state temperature of the rod? Is this obvious based
on your intuition?

Solution
The IBVP in equation (3.6) is
PDE U = gy 0 <a <200 O0<t< oo
uz(0,t) =0
BCs h 0<t<oo.
u,(200,t) = —%[u(QOO,t) — 20]
IC u(z,0) = 0°C 0 <z <200

To solve this IBVP, take advantage of the fact that the PDE and its associated conditions are
linear. Assume that the temperature has a steady component and an unsteady component.

u(z,t) = v(x) + w(z,t)
Plug this into the PDE

2
%[U(x) +w(x, t)] = a2a—[v(x) +w(z,t)] — w= 052[’()”(1') + Wey)

0z2
and each of the conditions.
ug(0,) =0 — 0'(0) +w.(0,t) =0
h , h
u5(200,¢) = —E[u(QOO,t) —20] — v'(200) + w,(200,t) = —%[1}(200) + w(200,t) — 20]
u(z,0) =0 — v(z) +w(z,0)=0

To make the PDE and boundary conditions homogeneous for w(z,t), let v (x) = 0 and v'(0) =0
and v'(200) = —(h/k)[v(200) — 20]. Then the IBVP for w(z,t) is

Wy = 0P Way
wz(0,1) =0
w0, (200, ) = —%w(QOO,t)
w(z,0) = —v(x).
Start by solving the ODE for v. The general solution for v (z) = 0 is
v(z) = Crx + Co.

Take the derivative with respect to x.
V'(z) = C
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Apply the boundary conditions to determine C7 and Cs.

V(200) = Oy = —%[01(200) +Cy—20] = —%[U(QOO) _ 9]

Solve this system of equations.
C1=0 Cy =20

The steady-state temperature is therefore
v(z) = 20.
Using the method of separation of variables, the solution to the IBVP,
Wy = 0wy
wyz(0,1) =0
s (200,£) = —%w(QOO,t)
w(z,0) = —20

is found to be
o0

w(z,t) = — Z 80 sm(?OOwﬁ Y
— 4007, + sin(400yy,)

cos(Ynx),

where 7, is the nth solution to the transcendental equation,

n

Therefore, since u(x,t) = v(z) + w(x,t),

sin 200’}/”) —a2~2¢
t) =20 —80 & n .
u(z, ) Z < 4007y, + sin(400vx ) c cos(1n)
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Plot this function versus z at several times to illustrate the behavior of this solution.

u

20

15+

t=10000

1ol f = 100 000

— X

50 100 150 200

All curves have a slope of zero at x = 0, representing the thermally insulated boundary. Also, the
temperature throughout the rod increases due to the ambient fluid temperature of 20°C at

x = 200. At t = 0 the temperature in the rod is uniformly zero, and in the steady state, after a
long time has passed, the temperature in the rod is uniformly 20°C, the same as the ambient
temperature.
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